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Abstract. We discuss the general three-particle quantum scattering problem, 
for motion restricted to the full line. Specifically, we formulate the three-body 
problem in one dimension in terms of the (Faddeev-type) integral equation 
approach. As a first application, we develop a spinless, one-dimensional (1-D) 
model that mimics three-nucleon dynamics in one dimension. In addition, we 
investigate the effects of pionic 3NF diagrams. 

1 Introduction 

The quantum mechanics of one-dimensional systems has been extensively in¬ 
vestigated for a variety of purposes jl|. Quantum scattering in one dimension 
has also been considered because of its value in pedagogical works since 
it retains sufficient complexity to embody many of the physical concepts and 
behaviours that occur in the more complex three-dimensional processes, but 
without the many technical aspects required for dealing with quantum scat¬ 
tering in higher dimensions. Here, we are interested in the formulation of the 
quantum three-body theory on the full, (—oo, -too) line, based on a system 
of coupled integral equations for the three-body transition operators |3| (AGS 
equations Q|). We illustrate in this paper an approach that harmonizes the 
typical two-channel structure of the “tunneling” problems, due to the pres¬ 
ence of the transmission and reflection processes, with the cluster structure of 
the three-body problem, thus leading to an overall reduced S-matrix for the 
two-fragment processes which is 6 x 6 |^. The formulation presented herein, 
with straightforward modifications, is suited also to describe the tunneling (or 
potential-barrier) effects due to the scattering of a two-body one-dimensional 
cluster impinging on an external barrier potential. 
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2 Theory 


The Schrodinger equation for a one-dimensional system on the whole line, 

- ^ + U (x) 'Pk (x) = (x) (1) 

defines the transmission-reflection problem for positive energies and has two 
independent solutions with incident waves from the left and right, respectively. 
The asymptotic form for the wave function, with incidence from the left is 


+ Rl {E) , for x ^-oo 

TL{E)e^'^^, forx^-bcx) 


( 2 ) 


where Tl,Rl are the transmission and reflection coeSicients, with a similar 
expression for incidence from the right. The S-matrix is given according to the 
definition 


S{E) 


fn{E) RRiE)\ 
\RLiE) TRiE)J 


( 3 ) 


which reduces to the identity matrix when the potential goes to zero. Off the 
energy-shell the t-matrix is introduced according to 


t{E)\<I>,) = V\E,) (4) 

where \<Pq) is the free (plane-wave) solution. The S-matrix in respect to the 
on-shell t-matrix is 


SiE) 


/I 0\ im / t{k,k;E) t {k, —k; E) \ 
\0 ly li^k \t {—k,k; E) t{—k,—k;E)) 


( 5 ) 


where t{k, k') are the on-energy-shell matrix elements of the t-matrix. In the 
one-dimensional system, on the energy shell for a given energy E, there exist 
exactly two possible momenta k = k± = jn the three-body system it 

is possible to define a S-matrix for two-fragment scattering in a similar way. 

Generally, a system of three particles is described by the Hamiltonian 


H = Ho + Y,Va ( 6 ) 

a 

and it is well established to introduce so called channel states, which are eigen¬ 
states of the channel Hamiltonians Ho = Hq + 14 with a = 1,2,3. In the 
one-dimensional system the channel states can be described by the following 
wave functions 

^±o = (Xa, Va) = {Xa) (7) 

where (pa (xa) denotes the properly normalized bound-state wave function of 
the two-particle fragment and denotes the relative motion of the particle 

a with respect to the c.m. of the two-particle fragment (be). The asymptotic 
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1-D plane wave incoming from the left can have three different transmitted 
two-cluster waves, which leads to the asymptotic form 


(x,y) 


<P+b6ab + RabiE)<^-b, 

T^b{E)^+b, 


for yb ^ -oo 
for yb ^ + 0 O 


( 8 ) 


and the reduced S-matrix for two-fragment scattering is 


Sab [E) 


(T^\iE) R^b{E)\ 

\ELiE) T^biE)] 


(9) 


This definition produces a 6 x 6 scattering matrix connecting all six possible 
“two-fragment asymptotic channels”. We have shown Q , that it is possible to 
define the two-fragment S-matrix in one dimension in the following way 

Sab (E) = {4>±a\ Sab \4>±b) 

— A f tab i+ \qa\ , + \qb\ : E) tab {+ \qa\ , — \qb\ E)\ 

""“"Vo ly ''h^\qb\\tab{-\qa\,+ \qb\-,E) tab \qa\, - \qb\ ; E)) 

( 10 ) 


where tab are related to the AGS channel-transition operators, Uab- It easily 
seen that the structure of this equation is very similar to the corresponding 
one in the two-body system, with the difference that here the matrix space is 
expanded to account for the 2-1-1 partitions. 


3 Results 

As first application, we develop a one-dimensional spinless model that mimics 
three-nucleon dynamics in one dimension. In particular, we investigate numeri¬ 
cally the effects of irreducible “pionic” corrections i0 in the one-dimensional 
three-body bound state by solving the homogeneous version of the AGS equa¬ 
tion. Three two-body potentials that give the same 2N binding at —2.225MeV 
but with different “stiffness” of the repulsion terms have been considered. In 



2NF 

2NF-hOPE3 

2NF-fTPE3 

2NF-fOPE3-fTPE3 

^5 

-7.722 

-7.708 

-8.733 

-8.718 

Elo 

-7.684 

-7.662 

-8.670 

-8.650 

E 20 

-7.668 

-7.642 

-8.631 

-8.608 


Table 1. ‘Triton’ energies in MeV for the potentials with different “stiffness”, in¬ 
cluding different 3NF corrections. 


table H we show the effect of one-pion (OPES) and two-pion exchange (TPE3) 
three-nucleon force (3NF) type corrections. For the details of the explicit form 
of these correction terms we refer to the literature |Q ^ . It is seen that unlike 
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the TPE, the OPE corrections have only a small effect on the ‘triton’ binding 
energies. In figure Jh we show the effect of an effective parameter required in 
the OPE 3NF || (set equal to one in table It is seen that for values not 
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-7.40 


-7.50 


-7.60 


0.6 0.8 1.0 1.2 1.4 

effective parameter C2 


Figure 1. Dependence of the binding energy on the parameter C 2 for all three poten¬ 
tials including the diagonal correction terms. The thick line denotes the triton energy 
withont any correction terms for all three potentials. 

equal to one, the effects on the ‘triton’ binding energy can be non-negliglible 
and the size of the effect depends directly on the ‘stiffness’ of the potential. 

In conclusion we have developed an integral formulation of the one¬ 
dimensional scattering problem on the full line. As first application we tested 
the effects of different 3NF-type correction terms on the triton binding en¬ 
ergy. It would be interesting to extend the investigations of the 2-1-1 fragment 
ID-system to the scattering regimes. 
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